Laboratory Work Ne2
Reciprocation.

Background knowledge.
Elementary matrix. Nonsingular matrix. Inverse matrices. Method of Gaussian reciprocation.
Short theoretical information.
Definition. Square matrix A is a matrix, which has the inverse one, if there is a square matrix B, such that
AB=BA=E.
Theorem. Square N matrix A has the inverse one if and only if matrix A is a nonsingular.

Manual «Linear algebra» O.V.Spivakovsky, V.A.Kreknin, pp. NeNe41-63 — Matrices and operations, pp. NeNe
73-106 — determinants.

Solution algorithm.

For the solution of this task we use the property, according to which elementary transformations, modified
nonsingular matrix to the identity one, can also modify identity matrix to such one which is inverse to it. Having
compiled an augmented matrix, which includes parent matrix from the left and the identity one from the right, we
can modify it. When in the left part we compile identity matrix, the matrix inverse of parent one will be in the right
part.

Task. Compile inverse matrix.

1 2 3
Ned6) |4 5 6
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Algorithm of task download
1. Do next steps for task’s download in the “Exercise-book™:
a. In the main menu choose “Task-book™:

Testing Taskhook{:j Copybook Solution environment Book Laboratory Tasks Report
Discussions About project LogOl

b. In «Task-book» choose the chapter «Compile inverse matrix»:
Choose section

) To solve a system of
linear equations

3 Te find the determinant
of a matrix

[ To build the @erse
matrix

3 To build the
characteristic polynomial

2 To find eigenvalues and
eigenvectors for the matrix
of the linear operator

3 Te find the rank of the
matrix

2 To build the Jordan form
2 To build an erthogonal
basis stretched on the
system of vectors

c. Find task Ne46 and add it to the exercise-book

46

~ = A
(=]
@

Add to c{l:v)yhonk
2. Move to exercise-book:
a. In the main menu choose

Main page Testing

d «Exercise-booky:

{b Solution environment Book Laboratory Tasks Report

Discussions About project LogOff
3. Find downloaded task and choose command “Solve”
After performing of all pointed steps «Solution environmenty» with the chosen task should be downloaded.
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Solution algorithm
1. Copy matrix to a Draft:
a. Mark the matrix, pushing left bracket;

Find inverse matiix
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b. Choose command “Copy object” in the menu «Operationsy;
Operations &)
[ Mew object
- Creste explanation

Eh Copy ohject
> DEI:E Eatrix
Q Help exper
@ Check answer
Q GetAnswer

c. Move the matrix by the left bracket to «Drafty:
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1. Compile augmented matrix.
a. Inthe menu «Operations» choose the command «New matrixy;
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i. Choose «Type of Matrix»;
ii. Point size, pushing the arrow;
iii. Print matrix elements.
b. We compile augmented matrix
2. Set the first control point:
a. Move the result matrix to «Exercise note-book»:

Clfpanons 0 Yepmena L5 Mmoo ) flonosons Jhn ----- Lidepena e o gl fprceorn
Jreasmu obeprrery SHaliNG 00eFHERY
123 AL 1 23 Aunnpgo
4 £ 4 4 50
4 1 i s 8w 1 3
456 A5
T3 10 T8 W
1 23 100 12 % 300 ’
4 56 010 4 56 010
T)‘ g 10 00 1 N S 0 001 R
4 £ 4 010
T8 10001
.

b. Mark the moved matrix, pushing the left bracket

1 23 100
4 56 010
78 10 0 0 1

N

1)

c. In menu “Control point” mark by flag the line “Augmented matrix”:
Check points £

[ triangular form

[ diagonal matrix
[ identity matriz

[ inverse matrix

3. Modify the left part of matrix to the triangle view.
a. In menu «Elementary transformations» choose «Elementary transformation»;

Primitive operations ES

@ Elementary transfor!?ion
@ Change lines

[Z Change columhs

B Inzert line

@ Delete line

@ Insert column

@ Delete column

0 Multiply line: on num

b. Place the first element of the first matrix line to the first element of the second matrix line. System
chooses the multiplier for the second line by itself and subtracts the second line from the first one;
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A 5 . 5
[ Mew Object 4 5 & &1 | Find inverse matrix ® Extended matrix
|_7‘ Creste explanation 7 8 10 [0 triangular form
I:h Copy object di iz
isconal matrix
7 Delete matrix 1 2 3 O d=g
@ el vy 4 = [ identity matrix
@ Check anzwer - 8 10 [0 inverse matrix
& Getenswer 1 2 3 1 00
o @ Components
Primitive operations 4 5 o o010 ! g Rank
@ Elementary transformation 7 8 10 0 0 1 g Determinamt
@ Change lines 1 2 3 1 0 0 g Inverse matrix
3 Change columns g Solution of LES
@ Insert ling € CEE 010 g Seff walues
@ Delete line = 78 10 0 01 g Self vectors
- 2 4 6 2 00 T
Ihsert column g Zhordan form
@ Delete colurmn 8 0 12 0 2 O g Ortogonal basis
20 Muttiply line on num 14 1l 20 0 0 2
Matrices d
gk 2od matrixes
€ Muttiply matrices
W Muttiply matrix on num 1 2 3 1
Qa Tranzpose matrix 0 3 6 -4
7 8 10 0o 0 1
~

12 3 1 00 1 2 3 1 0 o
03 6 410 = 0 -3 6 -4 10 =
% 8 1o 0o 01 0 -6 -11 -7 0 1
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Eh Copy ohject diagonal matrix
7 Delete matrix 1 3 =
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@ Check anzwer - 8 10 [0 inverse matrix
& Getenswer 2 4 &6 2 00O
o @ Components
Primitive operations 8 10 12 0 2 0 ! g Rank
@ Elementary transformation 14 16 20 0 0 2 g Determinant
@ Change lines 1 3 1 0 0 g Inverse matrix
3 Change columns g Solution of LES
@ Insert ling € e e 010 g Seff walues
@ Delete line 7 10 0o 0 1 g Self vectors
- 1 2 3 1 0
Ihsert column g Zhordan form
@ Delete colurmn 0 -3 -6 -4 ) g Ortogonal basis
23 Muttiply line on num 7T 8 10 0 0o 1 7
Matrices : H
gk 2od matrixes
3 Muttiply matrices %
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Qa Tranzpose matrix 3 6 4 1
-6 -11 -7 0
~

d. Move the second element of the second matrix line to the second element of the third matrix line
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Eh Copy ohject diagonal matrix
7 Delete matrix 1 d
@ el vy 4 = [ identity matrix
@ Check anzwer - 8 10 [0 inverse matrix
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4. Set the second control point.
a. Move the result matrix to «Exercise note-book»:
DTwune\us\Q{DDran Nmes\k@aean MNates . @) Help i pansss g L5 e wm
| Find inverse matrix 4 £46 010 | Juadnes abipnesty
3 10 12 0 2 O
s 0001 e st
14 16 20 0 0 2
1 2 3 12 3
B 12 3 1 00 e
= T B I
7 8 10 9
1 2 3 1 00 03 . 4 10
TE WD 01
0 3 6 4 10
8 10 0 0 1 1 2% 1 @00
1 2 3 1 00 N0 200 4 5 6 0 10O
TE W oo oo 1
4 56 010 = 003 6 4 10
7 8 10 0 0 1 o 1 -7 01
23 1 00 |
0o -3 6 -4 10 12 3 1 0 0
0o -6 -11 -7 0 1 0 -3 -6 4 1 0
4 12 3 1 0 0 o0 1 1 21
03 6 410
o0 1 1 21
iy 2
12 3 1 0 0
o -3 6 41 0
oo 1 1 121
~

b. Mark_the moved matrix, pushing on the left bracket

12 3 1 o0 0
o -3 -4 4 1 0
oo 1 1 -2 1

L

c. In menu«Control points» mark by flag the line «Triangle view»:
B3 Konponuui Toun (2]

@ Poswepena maTpilg

O~ LaroHansHa matpiug

[0 OmHiHE MaTuug

[0 ©0epHeHs MaTRHLA

5. Modify matrix to diagonal view:



a. In menu «Elementary transformations» choose the command “Elementary transformationy;

EneMenTapHi nepeTeopenns (£)
@ EnemeHTapHe TEOPEHH
0 MordiHATY PR RCL A
3 MoriHATH CTOEMLY MICLARMKA
@ BoTaeMTM pagoK

I3 BMAanMTH pAS0K

@ Bctaenmi cToOENELE

@ BupanuTH CTOENELE

(0 TMahHOHATH PALOK HE UMCnD

b. The second element of the second line move to the second element of the first line;

1 1%3 1 0 0
0 346 4 1 0
00

1 1 21

o

Onepaui ()
D Hoea matamua

- CTEopMTM sanme

I:h Konitosama of'exT

7 BMARNHTH METRHLD

@ Jonomora ekcnepTs

@ Mepesiprma Bidnosids

Q Getinzwer

EnemeHTapHi NepeTBopeHH @:l

@ EnemeHTapHE NEpeTEOREHHA
MobiHATH P AgRA RICLARI
MabiHATA CTOEML MICLLARIA

BCTSBMTH pagoK

BCTaBMTH CTOEMNELE

BrAznKTH CTOENELE

@
@
" |
I3 Buaanumi pagok
[
@
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MORMHOHMTH P ASOK HE HHCND

MaTpmuyj

gk Aoaama matpuu)

€ MorHo#ATA MaTpUL

W TIOMHOHMTI MATRMLYD HE HMCNa

£ TREHCMNOHYESTH MaTRMLD

c. The third element of the third line move to the third element of the first line;

10 f]%(fsys 23 0

o -3 a4 1 0
oo 1 1 2001
Onepauit (é:u

[ Hoea maTmua

- CTeopUTA sanue

Eh KonitosaTma of'exT

7 Buianimi MaTpMLo
9 Jonordora exkcnepTa
AN Mepesipui Bignosias
Q Getinswer

=

1 0 -1 ¢53 23 0
0 3 6 4 1 0
00 1 1 21
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d. The third element of third line move to the third element of the second line;

1 0 0 203 (43 1 1 0 0 23 (4y3 1

0 -3 -q% -4 1 1] = 0 3 0 2 -11 L] [

0o 171 -2 1 o0 11 -2 1
Onepaut @:, [l Jea nona \I\D,P YepHeTk: \I\D_P chmBMK\J\?),D,onomora PR—— @)

A . -
D HoBa matpuua 0 -3 a -4 1 1] A1 | Snadmu ouepHeHY [@ Poswvpeds MaTpuua
g CTBORMTH sanMc 0o 1 1 -2 1 MaTpu B TouyTHIi Brnag,
Konitogama of'exT
[ MsroHansHs Matomua
72X BHARMATH METRHLYD
@ Jonorora ekcnepTs 1 3 00 QA maTpida
@ MepesipKm BiANoEi s 4 5 & [0 ©fepHeHa MaThuua
@ Getanswer 1 0 -1 (53 13
) | 7 8 10 % KomnoHeHTH
g &) 0 3 6 -4 1 0 ‘
EnemeHTapHi nepeTBopeHHa (&) 7 PaHr maTuL
@ EnemeHTapHE NepeTEOpEHHA oo 1 1 -2 1 —74/ BMSHAHHME MATEMLY
15 TTorMiHATH A8 MICLLARK -,{’ OAEpHEHS MATRMUA
3 MordiHATM CTOBMLY MICL AR 1 3 1 0 0 -,{’ Pose' a0k CHCTERI
@ BoTasuTM pAgok & . 7 BRacHi sHaqeHHs
@ Buganimi pagae 10 o A & 5 CECECE = BRacHi BekTopM
@ EcTsEWTM CTOBMELE (_ ) (_ ) 7 8 10 0 0 1 —74/ HopgaHosa dopma
@ EWaandm cToENELE 0 3 6 -4 1 0 —74/ OPTOroHanEHMA Basmc
50 TTOMHOAMTA PASOK HE YKCN0 0 0 1 1 -2 1
MaTpuu : 4
dk Jogama raTpIU = 2 3 1 0 0
3 NoraHoHATA PaTRIL 0 -3 6 -4 1 0
¥ TIORHOSUTIA FSTRMLIO Ha YMCno 1 0 0 (_2,)}‘3 (_4)}‘3 1 00 1 1 201
€ TREHCNOHYESTH MATRMLIO 30 2 11 6
0o 11 -2 1
| Aot

6. Set the first control point
a. Move the result matrix to «Exercise note-book»

[ peanane |Gl veprana E0emee | g encnrs 1T ety 0 oron wotes 123 cloon totes e
03 6 4 1 0 = | Inasimn obepreny 8 10120 20 A | Find inverse matrix
L T T I fomi e 41620 00 2
123
123 456
45 6 78w
10 -1 ¢53 3 0 78 1t 3 1 00
03 6 4 1 0 003 6 410
00 1 1 201 T8 100 01
123 100
1 : s 100 = 156 010
4 56 010 T8 w001
00 (3 L = A Mo 1 3 1 00
003 6 4 1 0 03 6 4 10
o0 11 I | 0 6 a1 70
L 12 3 1 00
13 1 0 0 003 6 4 10
03 6 41 0 0o 11 a2
10 0 (33 43 1 A8 0 AN 1 3 1 00
0302 1 & 03 6 410 J\’_f?
0o 11 21 By o0 11 21

b. Mark the result matrix, pushing the left bracket

-

1 0 0 (23 (43
0 3 0 2 11
00 1 1 -2

=i}

c. In menu «Control points» mark by flag the line «Diagonal matrix»
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Check points
[ Extended matrix

[ Hrishgular form

[ identity mtriz

[ inwerse matrix

7.  Find matrix:
a. In menu «Elementary transformationsy» choose the command “Elementary transformationy;

Primitive operations ES

@ Elementary transfor!?ion
@ Change lines

7 Change columns

@ Inzert line

@ Delete line

@ Inzert column

@ Delete column

23 Muttiply line on num

>

Primitive operations
Elemertary transformation
Chahge lines

Change columns

Inzert line

Delete line

Inzert column

Delete column

huatiply: lire: DE[Eum

b.  Push non-identity element in the main matrix diagonal, find multiplier to it in a such way, that
after multiplying we’ll have 1, and push «+»:

isEsEeoawes

1 0 0 2y3 (43 1
1 0 0 (2)3 (43 1 i 6
o 3 0 2 -11 a = o 1
oo 11 -2 1

8. Set the next control point
a. Move the result matrix to «Exercise note-book»

*lmparuns G0 veprera U0 vecioee g Do Tipances 0 uepeena [ acmnee: gl lonosors
L 10 - 4 56 - 0 o3 s 4 10 - 4 £ 0 010 -
L I T 2 1 78 W o0 1 1 I | T8 1000 0 1
T 1T R T | 1323 100 10 0 33 03 1 12 3 1 0 0
LU 1 0 4 56 010 0 3 6 4 1 0 0 3 6 4 1 0
o0 1 1 2 1 74 10001 LU T S | 2 1 oo 1 1 -2 1
I T ST ST I 132 3100 10 0 (33 (43 1 L0 0 i3 H3 1
0 3012 11 & D3 4 410 o -3 0 2 -11 8 0o -0 2 11 &

oo 11 1 1 66 11 21 00 11 3 1 o0 11 ] 1
1 00 (23 3 1 L0 0 33 (3 1 1 0 0 23 =3 1 L0 0 23 i3 1
010 ¢33 NA 2 0 -5 0 2 a1 6 01 0 ¢33 o1 2 01 0 &3 18 -2
0011 2 1 0o 11 1 1 o011 -2 1 oo 11 -2 1
- H\E - - -

b. Mark the result matrix, pushing the left bracket



c. In menu «Control points» mark by flag the line «Identity matrix»

Check points b3
@ Extended matrix
@ triangular form
@ disgonal matrix
m [

[ inwerse matrix

9. Copy the right part of augmented matrix
a. In menu «Operations» choose the command «Copy object» ;

Operations =

[ Mew Object
- Creste explanation

[:‘ Copy object
> Del atrix
9 Help exper

@ GetAnzwer

b. Mark the last three matrix lines;

1 0 0 (233 (43 1
0 1 0 (23 113 -2
0011 ) 1
c. Move it down by the left bracket:
1 0 0 )3 (-3 1
0 1 0 23 113 -2 =

D011 21

d. This matrix is inverse matrix.
10. Set the last control point:
a. Move the result matrix to «Exercise note-book»

[ ]

43 1
13 22
5} 1



*) penane |55 veprmma L actose: ) foroseor
~
0o 3 &6 4 1 0 4 £ o o1 0
LU 1 1 T8 W0 0O D
L 0o 0 &3 -3 1 12 3 1 0
0 30 1 a 110 3 6 41
oo 11 1 ‘ oo 1 1
1 00 )3 43 1 1 0 0 ¢33 3 1
01 0 )3 113 o -3 0 2 o
0011 2 1 00 11 1
|
O3 431 1L 00 ¢33 (43 1
=23 113 -2 01 0 &3 13 -2
1 2 1 0011 1
- [m

b. Mark the result matrix, pushing left bracket

c. In menu «Control point» mark by flag the line “Inverse matrix’
Check points

@ Extended matrix

11. Check the correctness of your work:
a. In menu «Operationsy», choose the command “Check answer”:

b. If the task is correct, the lines of control points will become green

If you are mistaken, all the lines will be red.

Practical tasks

Constructing of inverse matrix
Variant 1.

Construct the inverse matrix

2
1. (Ned3)

11 2 9
2..N47) |5 7 3
6 7 11]
5 =2 0
3. (Ne50) | bl
-3 5
1 -1 2

[l T

@ disgonal matrix

- Create explanation

1

oo

23 =3 1

6
1




4. (Ne74)

5. (Ne75)

Variant 2.

6 5 -4
75 -4
02 0
22 0
L
2
0 0
3
2
L
2 4

Construct the inverse matrix

1. (Ne83)

2. (Ne77)

3. (\e72)

4. (Ne71)

5. (Ne70)

Variant 3.

-1
-1

1
1

-6
-3 =

2
~8 2
4 4 —14
0
2

1

|
N

2
4 -10
2

| wo
o

NI»—N
[a)

=N =
[E—

o
NI'—‘le

N

Construct the inverse matrix

2

1. (Ne84) | 1

3

2 -2
~ -1
2 -1

|
|

N OWINO

l\.)|UJ O Y

|
—_

|




(2 3 4 5
13 11 7 6
17 19 1 4
5 7 11 2
5 =20
-2 1 1
4 -3 5 2
2
2

2. (Ned8)

3. (Ne50)

I -1
1 -1

4. (NeS1)

5. (Ne52)

Variant 4.
Construct the inverse matrix

1. (Ned3 b2
'(_)34

2.. (Ne82) | 2

3. (Ne53)

2

4 1 2 -1

4 4 3 -
4. (Ne55)

3 3 2 -

2 -1 -1 1

0 4 4 -1
5. (Ne56)
1 3 3 -1
L 0o -1 -2 1
Variant 5.

Construct the inverse matrix



1. (Ne81)

2. (Ne73)

3. (Ne57)

4. (NeS8)

5. (Ne59)

Variant 6.

Construct the inverse matrix

1. (Ne82)

2. (Ne60)

3. (Ne61)

3

o L
2
3
2
-1 1
-3 -1 4
1 1
2 T2 °
-1 1 2
-2 -1 5
-1 -1 1]
0 3 0
31 -2
2 -2 -2
-3 4 3
2 -2 -1
-4 3 2
-1 1 1
-2 1 -3
1 0 2
2 1 2
3 -3 7
_% 1
g -3
5 3
4 2]
1 -2 -1
-4 -1 1
2 0 -1
-1 1 1
32 2
2 -3 -1
0 3 2
-1 2 1



-6 -5 6 2
3 2 =3 -1
4. (Ne62)
-2 0 3 2
_—2 -1 2 1
1 -1 2 =2
o -1 2 -1
5. (Ne63)
-1 -1 3 2
_2 -1 2 -4
Variant 7.
Construct the inverse matrix
2 2 =2
1
I.(Ne84) |1 — -1
(Ne84) >
_3 2 -1
(-4 -2 -3 2
2 0 1 -1
2. (Neb64)
3 3 2 -1
_—2 -1 -1 1
1 -2 1 =2
0O -1 0 -1
3. (Ne65)
-1 0 0 -1
_2 -3 1 -1
3 -1 —i 1
2
30 -2 1
4. (Ne66)
0 O 1 0
1 -1 —é
L 2
(5 -2 0 -1
-2 1 1 1
5. (Ne50)
4 -3 5 2
_1 -1 2 1
Variant 8.
Construct Ehe inverse matrix
1. (Ne43) b2
73 4
, 3 _1
2 2
2. (Ne85) | 1 2 —l
o 2 2
-1 1 1




5 =2 0 -1

-2 1 1 1
3. (Ne50)

4 -3 5 2

1 -1 2 1

313,

2 2 4

-2 5 2 -4
aN68) | 3

2

32Ty

L 2 2 4 i

3 1 -1 -1

-2 3 1 1
5. (Ne69) 2 l 0 _i

2 2

0 1 0 1
Variant 9.
Construct the inverse matrix

11 2 9
I.N47) |5 7 3

6 7 11

2 -1 i

2

2.(Ne78) | 1 -1 0

—4 4 2

LR S

2

23 1,
3. (Ne73) 4 2 2

—l -1 1 2

2

-1 -2 -1 5]

1 0 0 o0

1,12
4. (Ne70) 3 3 3

-1 0 2 O

-1 0 0 2

s -2 0 -1

-2 1 1 1
5. (Ne50)

4 -3 5 2

-1 2 1
Variant 10.

Construct the inverse matrix



4 2 4
2
1.(Ne86) |2 4 -4
T 4
| 2
-1 2 4
2.0%79 | -1 1 1
2 0 0
L3
LR S
2
A
3. (N\e73) 4 2 2
1 -1 1 2
2
-1 -2 -1 5
2 3 2 2
3 2 -3 -1
4. (Ne61)
-2 0 3 2
-2 -1 2 1]
1 -2 1 =2
0 -1 0 -1
5. (Ne65)
-1 0 0 -1
2 -3 1 -1

Quiestions for self-control:

Give the definition of inverse matrix?

What is the nonsingular matrix?

What is the sum of singular matrices?

How many inverse matrices can we compile for matrix A?

Are the lines of inverse matrix linearly dependent or not?

Matrix has zero line. Can we compile the inverse matrix for it?
What algorithm should we use for inverse 4x5 matrix compiling?

el A o

Has the elementary matrix an inverse one?



